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The double parton distribution functions are investigated in the region of small longitudinal
momentum fractions in the leading logarithm approximation of perturbative QCD. It is shown that
these functions have the factorization property in the case of one slow and one fast parton.
PACS numbers: 12.38.-t
I. INTRODUCTION
Multiple parton interactions are one of the most com-
mon, yet poorly understood [1], phenomena at the LHC.
It is usually assumed that only one hard interaction takes
place per hadron-hadron collision together with multiple
soft interactions. This assumption is typically justified
on the grounds that the probability of a hard parton-
parton interaction in a collision is very small. Thus the
probability of having two or more hard interactions in a
collision is strongly suppressed in comparison with the
single interaction probability. Nevertheless hadron col-
lisions in which two (or more) distinct pairs of partons
hard scatter are possible.
The presence of such multiple parton interactions in
high energy hadron-hadron collisions has been convinc-
ingly demonstrated by the AFS [2], UA2 [3] and CDF [4]
collaborations using events with the four-jet final state
and later by the CDF Collaboration [5] and quite re-
cently by the D0 Collaboration [6] using events with the
γ + 3 jets final state. The possibility of observing two
separate hard collisions was proposed long ago and their
theoretical study goes back to the early days of the par-
ton model [7–9] with subsequent extension to perturba-
tive QCD [10–28].
A greater rate of events containing multiple hard in-
teractions is anticipated at the LHC with respect to the
experiments mentioned above due to the much higher lu-
minosity and greater energy of the LHC. Moreover the
products from multiple interactions will represent an im-
portant background [29–32] to signals from the Higgs and
other interesting processes and certain types of multiple
interactions will have distinctive signature [33–36] facili-
tating a detailed investigation of these processes experi-
mentally. Therefore it is extremely important to combine
theoretical efforts in order to achieve a better description
of multiple interactions, in particular, double scattering
which will be the dominant multiple scattering mode at
the LHC.
With the only assumption of factorization of the two
hard parton processes A and B the inclusive cross section
of a double parton scattering process in a hadron collision
may be written as [10, 25, 34]
σD(A,B) =
m
2
∑
i,j,k,l
∫
Γij(x1, x2, b;Q
2
1, Q
2
2)σˆ
A
ik(x1, x
′
1)
×σˆBjl (x2, x
′
2)Γkl(x
′
1, x
′
2, b;Q
2
1, Q
2
2)dx1dx2dx
′
1dx
′
2d
2b. (1)
Here Γij(x1, x2, b;Q
2
1, Q
2
2) are the double parton distribu-
tion functions, depending on the longitudinal momentum
fractions x1 and x2 and on the relative transverse dis-
tance b of the two parton undergoing the hard processes
A and B at the scales Q1 and Q2. σˆ
A
ik and σˆ
B
jl are the
parton-level subprocess cross sections. The factor m/2
is a consequence of the symmetry of the expression for
interchanging parton species i and j. m = 1 if A = B
and m = 2 otherwise.
It is often assumed that the double parton distribution
functions may be decomposed in terms of longitudinal
and transverse components as follows:
Γij(x1, x2, b;Q
2
1, Q
2
2) = D
ij
h (x1, x2;Q
2
1, Q
2
2)Fij(b). (2)
Fij(b) represents the parton pair density in transverse
space and is not calculated in the framework of pertur-
bative QCD. Existing models typically use Gaussian or
exponential form to describe the Fij(b), or a sum of Gaus-
sian/exponential terms [22, 37].
Dijh (x1, x2;Q
2
1, Q
2
2) is interpreted as the inclusive prob-
ability of finding a parton i with the longitudinal mo-
mentum traction x1 at scale Q1 and a parton j with
the longitudinal momentum traction x2 at scale Q2 in a
hadron h. The behavior of these distribution functions
Dijh (x1, x2;Q
2) = Dijh (x1, x2;Q
2, Q2) with the two hard
scale set equal were investigated in Refs. [38, 39] in the
leading logarithm approximation of perturbative QCD.
The equations dictating the scaling violations (i.e. Q2
dependence) of the double parton distributions were de-
rived therein. A crucial prediction [40–42] of this is that
even if the double parton distribution functions may be
taken to be equal to products of single distribution func-
tions at one scale, then at any other scale the double
distribution functions will deviate from factorized forms
used often in the current analysis. Quite recently the
equations of Refs. [38, 39] have been numerically inte-
grated [25] to produce a set of publicity available double
parton distribution function grids covering the ranges
10−6 < x1 < 1, 10
−6 < x2 < 1, and 1 < Q
2 < 109
GeV2. Thus the correlations induced by QCD evolution
2may be evaluated already under condition of real exper-
iments and their possible manifestation was discussed in
Refs. [34, 43, 44]. In this case the behavior of double par-
ton distribution functions is extremely important in the
kinematical range of relatively small longitudinal momen-
tum fractions which is difficult to investigate numerically
with a good accuracy and predictive enough power.
The main purpose of the present paper is to study the
asymptotic behavior of double parton distribution func-
tions in the vicinity of the kinematical boundaries analyt-
ically. The paper is organized as follows. Section II is de-
voted to what may be extracted from perturbative QCD
theory on the asymptotic behavior of the two-parton dis-
tribution functions at the parton level. The possible phe-
nomenological issues for parton distributions in a hadron
are discussed in Sec. III. We summarize and conclude in
Sec. IV.
II. DOUBLE PARTON DISTRIBUTIONS IN
THE LEADING LOGARITHM
APPROXIMATION AT PARTON LEVEL
The analysis [45–47] of hard processes, ep scattering
and e+e− annihilation, in the leading logarithm approx-
imation of perturbative QCD admits a simple interpre-
tation [46] in the framework of the parton model with
a variable cutoff parameter Λ ∼ Q with respect to
the transverse momenta. The dependence of the multi-
parton distribution and fragmentation functions on the
value of this cutoff parameter is determined by the evo-
lution equations. Lipatov suggested a general elegant
method [46] of obtaining these equations in any renor-
malizable quantum field theory. As an evolution vari-
able one uses the value of hard scale (the transfer mo-
mentum squared Q2, most commonly) or its logarithm
ξ = ln(Q2/µ2) or double logarithm
t =
1
2πβ
ln
[
1+
g2(µ2)
4π
β ln
(
Q2
µ2
)]
=
1
2πβ
ln
[
ln( Q
2
Λ2
QCD
)
ln( µ
2
Λ2
QCD
)
]
,
(3)
where β = (33− 2nf )/12π in QCD, g(µ2) is the running
coupling constant at the reference scale µ2, nf is the
number of active flavors, ΛQCD is the dimensional QCD
parameter.
With the evolution variable t (taking into account the
behavior of the running coupling constant in one loop
approximation explicitly) the DGLAP equations [45–48]
for single distributions read more easily
dDji (x, t)
dt
=
∑
j′
1∫
x
dx′
x′
Dj
′
i (x
′, t)Pj′→j
(
x
x′
)
. (4)
They describe the scaling violation of the parton distribu-
tionsDji (x, t) inside a dressed quark or gluon (i, j = q/g).
It is interesting that expression for the kernels P in Lipa-
tov method already includes a regularization at x → x′,
which was introduced in Ref. [48] afterwards based on
the momentum conservation.
This method allows one to obtain also the gener-
alized DGLAP equations for two-parton distributions
Dj1j2i (x1, x2, t), representing the probability that in a
dressed constituent i one finds two bare partons of types
j1 and j2 with the given momentum fractions x1 and x2,
namely (see Refs. [38, 39] for details):
dDj1j2i (x1, x2, t)
dt
(5)
=
∑
j1′
1−x2∫
x1
dx1
′
x1′
Dj1
′j2
i (x1
′, x2, t)Pj1′→j1
(
x1
x1′
)
+
∑
j2′
1−x1∫
x2
dx2
′
x2′
Dj1j2
′
i (x1, x2
′, t)Pj2 ′→j2
(
x2
x2′
)
+
∑
j′
Dj
′
i (x1 + x2, t)
1
x1 + x2
Pj′→j1j2
(
x1
x1 + x2
)
,
where the kernel
1
x1 + x2
Pj′→j1j2(
x1
x1 + x2
) (6)
is defined without δ-function regularization.
It is readily verified by direct substitution that the so-
lution of Eq. (5) can be written via the convolution of
single distributions [38, 39]
Dj1j2i (x1, x2, t) (7)
=
∑
j′j1′j2′
t∫
0
dt′
1−x2∫
x1
dz1
z1
1−z1∫
x2
dz2
z2
Dj
′
i (z1 + z2, t
′)
1
z1 + z2
×Pj′→j1′j2′
(
z1
z1 + z2
)
Dj1j1′(
x1
z1
, t− t′)Dj2j2′(
x2
z2
, t− t′).
This coincides with the jet calculus rules [49] proposed
originally for the fragmentation functions and is the gen-
eralization of the well-known Gribov-Lipatov relation in-
stalled for single functions [45–47] (the distribution of
bare partons inside a dressed constituent is identical to
the distribution of dressed constituents in the fragmen-
tation of a bare parton in the leading logarithm approx-
imation). Nevertheless in a phenomenological employ-
ment the direct numerical integration of Eq. (5) occurs
more effective [25] than the explicit solution (7) because
of the singular δ-like initial conditions of single distribu-
tions Dji (x, t) (the Green’s functions) incoming in this
solution.
Eqs. (4) and (5) are explicitly solved by introducing
3the Mellin transforms
M ji (n, t) =
1∫
0
dxxn Djh(x, t), (8)
M j1j2i (n1, n2, t)
=
1∫
0
dx1dx2θ(1 − x1 − x2)xn11 xn22 Dj1j2h (x1, x2, t) (9)
which lead to a system of ordinary linear-differential
equations at the first order:
dM ji (n, t)/dt =
∑
j′
M j
′
i (n, t)Pj′→j(n), (10)
dM j1j2i (n1, n2, t)/dt
=
∑
j1′
M j1
′j2
i (n1, n2, t)Pj1′→j1(n1)
+
∑
j2′
M j1j2
′
i (n1, n2, t)Pj2′→j2 (n2)
+
∑
j′
M j
′
i (n1 + n2, t)Pj′→j1j2(n1, n2), (11)
where
Pi→i1 (n) =
1∫
0
xnPi→i1 (x)dx, (12)
Pi→i1i2(n1, n2) =
1∫
0
xn1(1 − x)n2Pi→i1i2(x)dx. (13)
In order to obtain the distributions in x representation
an inverse Mellin transformation must be performed
xDji (x, t) =
∫
dn
2πi
x−n M ji (n, t), (14)
where the integration runs along the imaginary axis to
the right from all n singularities. This can be done in a
general case only numerically. However the asymptotic
behavior can be estimated in some interesting and partic-
ularly simple limits in the technique under consideration.
A. Spectra at finite x
At first let us look at single parton distribution func-
tions near x = 1. These can be obtained through the
study of large moments (which clearly emphasize x ∼ 1).
One obtains behaviors of the type [47, 49]:
Dji (x, t)
∣∣
x→1
∼ Cji (x, t)(1 − x)2CF t+bij , (15)
where CF = (N
2
c − 1)/2Nc = 4/3, Nc = 3 and Cji (x, t)
depend logarithmically upon (1 − x) and in a compli-
cated but known way upon t, whereas bij are just some
integer numbers. The values of Cji (x, t), bij are given in
Table 4 of Ref. [49](NP) for all cases. For illustration we
write here the asymptotic expression for the distribution
of valence quarks (the probability of finding in a quark a
quark of the same species) at 1− x≪ 1 [47, 49]:
Dval(x, t) = exp ((3/2− 2γE)CF t)
(1 − x)2CF t−1
Γ(2CF t)
, (16)
where γE = 0.5772... is the Euler’s constant. Indeed, at
large n the kernel
Pq→q(n) ≃ (3/2− 2γE − 2 lnn)CF , (17)
and an inverse Mellin transformation (14) can be per-
formed analytically using the exact solution
Mval(n, t) = exp (Pq→q(n)t) (18)
in n representation. The characteristic moment being
significant in integral (14) is defined by the saddle point
equation
n0 = 2CF t/(1− x), n0 ≫ 1. (19)
For the two-parton distribution functions the limit
x1 + x2 → 1 can be investigated by looking into large
moments:
1∫
0
dx1dx2(x1 + x2)
nx1x2D
j1j2
i (x1, x2, t). (20)
The result is a behavior of the type [49]:
Dj1j2i (x1, x2, t) ∼ Aj1j2i (1 − x1 − x2)2CF t+δi,j1j2 , (21)
where Aj1j2i have at most a logarithmic dependence on
(1 − x1 − x2). The exponents δi,j1j2 are some integer
numbers given in Table 5 of Ref. [49](NP).
The analog of a double-Regge limit
1− x1 ≪ 1, 1− x1 − x2 ≪ 1− x1 (22)
can be done by studying double momentsM j1j2i (n1, n2, t)
for n1 ≫ n2 ≫ 1. By inverting the Mellin transform one
then finds
Dj1j2i (x1, x2, t) (23)
∼ H(t)(1 − x1)ki,j1j2 (1 − x1 − x2)2CF t+hi,j1j2 ,
up to logarithmic terms. The exponents ki,j1j2 and
hi,j1j2 can be computed and are given in Table 6 of
Ref. [49](NP).
The obtained asymptotic behaviors (15, 21, 23) admit
an amusing analogy with Regge theory as it was pointed
out in Ref. [49]. This helps one also to understand better
why the phase space factor in the improved ansatz [25]
for the initial conditions of parton distributions at the
hadron level must include the factors (1− x1 − x2), (1−
x1), (1 − x2) with the exponents depending on parton
types in order to satisfy the momentum and number sum
rules.
4B. Spectra at small x
The increase in the average number of decays of each
parton with increasing t leads, as can be readily under-
stood, to a large increase in the number of fields, glu-
ons and sea quarks, with small longitudinal momentum
fractions. Technically, integral (14) when x ≪ 1 is de-
termined by the first singularity with respect to the n of
the momentsM ji (n, t), which is related to the pole of the
larger eigenvalue Λ+(n) of the system (10) when n = 0:
Λ+(n) ≃
2Nc
n
− a+ ..., n≪ 1, (24)
where a = 116 Nc +
1
3nf (1 − 2CF /Nc). By inverting the
Mellin transform with the approximation (24) one then
obtains the probability of finding a gluon in a gluon:
xDgg(x, t) =
∫
dn
2πi
exp [n ln (1/x) + 2Nct/n− at]
= 4Nct exp [−at]I1(v)/v
≃ 4Nctv−3/2 exp [v − at]/
√
2π, (25)
where v =
√
8Nct ln (1/x) and I1 is the usual modi-
fied Bessel function. The last approximate equality in
Eq. (25) is obtained by the saddle point method with the
saddle point equation
n0 =
√
2Nct/ ln (1/x), n0 ≪ 1. (26)
The probabilities of finding any other partons in a gluon
or a quark are evaluated in the regime of small x by a
similar way and can be found in Refs. [47, 49].
Due to the generalized Gribov-Lipatov relation men-
tioned above in the limit of one slow (x1 ∼ 0) and one
fast (x2 = finite) parton the two-parton distribution func-
tions become uncorrelated the same as the two-parton
fragmentation functions for which this property was es-
tablished in Ref. [49]. The factorization property is sig-
nificant in a phenomenological employment and its proof
is worth to be reviewed once more because of a very old
affair.
The exact solution for single distributions in the mo-
ments representation can be written symbolically in a
matrix form
M ji (n, t) = (expP (n)t)
j
i (27)
The solution for the two-parton distribution functions in
this representation reads
M j1j2i (n1, n2, t)
=
∑
jj1 ′j2′
t∫
0
dt′(expP (n1 + n2)t
′
)ji [Pj→j1 ′j2′(n1, n2)]
×(expP (n1)(t− t′))j1j1′(expP (n2)(t− t
′))j2j2′ . (28)
Going further through a Laplace transform to the vari-
able E one finds
M j1j2i (n1, n2, E) =
∞∫
0
dte−EtM j1j2i (n1, n2, t)
=
∑
jj1 ′j2′
(
1
E − P (n1 + n2)
)ji [Pj→j1 ′j2′(n1, n2)]
×( 1
E − P (n1)− P (n2)
)j1j2j1 ′j2′ . (29)
Let us consider now the correlation function and its mo-
ments:
Cj1j2i (x1, x2, t)
= Dj1j2i (x1, x2, t)−Dj1i (x1, t)Dj2i (x2, t), (30)
Cj1j2i (ǫ, n, E) (31)
=
∑
jj1′j2′
(
1
E − P (ǫ+ n) )
j
i [Pj→j1 ′j2′(ǫ, n)]
×( 1
E − P (ǫ)− P (n) )
j1j2
j1′j2′
− ( 1
E − P (ǫ)− P (n) )
j1j2
i i ,
where ǫ = 0+ in the moment relative to the slow parton
and n = O(1). In Eq. (31) various factors are divergent
since both P (ǫ) and Pj→j1 ′j2′(ǫ, n) contain divergent ma-
trix elements. Since, however,
Pj→j1 ′j2′(ǫ, n) ∼ Pjj′1 (ǫ) P (ǫ + n) ∼ P (n) +O(ǫ) (32)
one finds that Cj1j2i (ǫ, n, E) is NOT divergent. In other
words the divergent part in Dj1j2i (x1, x2, t) at x1 → 0
and finite x2 factorizes into D
j1
i (x1, t) times D
j2
i (x2, t).
This result can be generalized to m-parton distribution
functions, i.e., when one of the partons becomes wee its
divergence factors out.
III. DOUBLE PARTON DISTRIBUTIONS IN
HADRONS
Of course, it is interesting to find out the phenomeno-
logical issue of this parton level consideration. This can
be done within the well-known factorization of soft and
hard stages (physics of short and long distances) [50]. As
a result the equations (4, 5, 10, 11) describe the evolution
of parton distributions in a hadron with t (Q2), if one re-
places the index i by index h only. However, the initial
conditions for new equations at t = 0 (Q2 = µ2) are
unknown a priori and must be introduced phenomeno-
logically or must be extracted from experiments or some
models dealing with physics of long distances [at the par-
ton level: Dji (x, t = 0) = δijδ(x − 1); Dj1j2i (x1, x2, t =
0) = 0]. Nevertheless the solutions of the generalized
DGLAP evolution equations with the given initial con-
ditions may be written as before via the convolution of
5single distributions and in the moments representation
they read
M j1j2h (n1, n2, t) = M
j1j2
h0 (n1, n2, t)
+
∑
j1′j2′
M j1
′j2
′
h (n1, n2, 0)M
j1
j1′
(n1, t)M
j2
j2′
(n2, t), (33)
where
M j1j2h0 (n1, n2, t) =∑
i
M ih(n1 + n2, 0)M
j1j2
i (n1, n2, t) (34)
are the particular solutions of the complete equations
with the zero initial conditions at the hadron level and
M j1j2i (n1, n2, t) =
∑
jj1 ′j2′
t∫
0
dt′M ji (n1 + n2, t
′)
Pj→j1 ′j2′(n1, n2)M
j1
j1′
(n1, t− t′)M j2j2′(n2, t− t
′) (35)
are the particular solutions of the complete equations
with the zero initial conditions at the parton level. While
the second term in the expression (33) represents the so-
lutions of the homogeneous evolution equations with the
given initial conditions M j1
′j2
′
h (n1, n2, 0). These nonper-
turbative unknown two-parton initial conditions are just
the reckoning for the unsolved confinement problem. If
one assumes that in the moments representation there is
the approximate factorization of these initial conditions
M j1
′j2
′
h (n1, n2, 0) ≃M
j1
′
h (n1, 0)M
j2
′
h (n2, 0), (36)
then the solutions of the homogeneous evolution equa-
tions will be factorized in x representation.
The exact solutions (33) in the moments representation
together with some additional reasonable assumptions on
the initial conditions allow one to extract the asymptotic
behavior of the distribution functions already in hadrons
near the kinematical boundaries as it has be done for the
functions of the parton level. Since the kinematical range
of relatively small longitudinal momentum fractions is
extremely important under condition of real experiments
we focus on the asymptotic behavior of two-parton dis-
tribution functions just in this range.
However some interesting results at finite x can be
found in Ref. [51] for two-particle fragmentation func-
tions and can be extended to two-parton distribution
functions taking into account the difference between the
solutions of homogeneous evolution equations for the
fragmentation and distribution functions [52]. Thus the
asymptotic behaviors like (21, 23) can be obtained at
the hadron level also assuming that the initial conditions
can be evaluated in the saddle points which were defined
at the parton level or/and fixing the asymptotic form of
initial conditions near the kinematical boundary.
In the important limit of one slow (x1 ∼ 0) and one fast
(x2 = finite) parton the two-parton distribution functions
are determined by the first singularity with respect to the
n1 of the moments M
j1j2
h (n1, n2, t) with n2 = O(1). In
this case in accordance with the consideration above the
perturbatively calculated particular solutions (35) of the
parton level factorizes into M j1i (n1, t) times M
j2
i (n2, t).
Thereafter the general solutions (33) read
M j1j2h (n1, n2, t) (37)
=
∑
i
M ih(n1 + n2, 0)M
j1
i (n1, t)M
j2
i (n2, t)
+
∑
j1′j2′
M j1
′
h (n1, 0)M
j2
′
h (n2, 0)M
j1
j1′
(n1, t)M
j2
j2′
(n2, t),
the natural approximate factorization of the initial con-
ditions in the form (36) being supposed.
Since in the limit ǫ→ 0+ [47, 49]
Mgg (ǫ, t) =
Nc
CF
Mgq (ǫ, t) = exp (Λ+(ǫ)t), (38)
M qg (ǫ, t) =
Nc
CF
M qq (ǫ, t) =
2nf ǫ
6Nc
exp (Λ+(ǫ)t), (39)
then the ratio of the particular solutions (correlations
induced by evolution) to the solutions of homogeneous
equations (giving approximate factorization) reduces to
Mgj2h0 (ǫ, n2, t)
Mgj2hfact(ǫ, n2, t)
(40)
=
∑
i
M ih(ǫ + n2, 0)M
g
i (ǫ, t)M
j2
i (n2, t)∑
j1′
M j1
′
h (ǫ, 0)M
g
j1′
(ǫ, t)
∑
j2′
M j2
′
h (n2, 0)M
j2
j2′
(n2, t)
=
Mgh(n2, 0)M
j2
g (n2, t) +
CF
Nc
∑
q
M qh(n2, 0)M
j2
q (n2, t)
[Mgh(ǫ, 0) +
CF
Nc
∑
q
M qh(ǫ, 0)]M
j2
h (n2, t)
and the universal divergent factor exp (Λ+(ǫ)t) is can-
celled out. One should note that this cancellation takes
place also in the general case without the supposed fac-
torization of initial conditions in the form (36). Therefore
the ratio (40) admits the finite limit at ǫ→ 0+ provided
that the initial number of quarks and gluons in a hadron
is finite, i.e. Mgh(0, 0) and M
q
h(0, 0) are not singular and
can be evaluated in the saddle point (26). Without a fac-
tor CF /Nc before the quark sum the numerator in the ra-
tio under consideration (40) is simply equal toM j2h (n2, t).
Therefore the suppression of correlations induced by evo-
lution with respect to the factorization component will be
mainly determined by the gluon and quark multiplicities
in the initial conditions (with a possible correction re-
lated to the estimation of zero moments in the the saddle
point):
Dgj2h0 (x1, x2, t)
Dgj2hfact(x1, x2, t)
∣∣∣
x1→0
∼ 1
Mgh(0, 0) +
CF
Nc
∑
q
M qh(0, 0)
. (41)
6The similar result is obtained if one slow quark is con-
sidered instead of a slow gluon.
Thus in the important limit of one slow (x1 ∼ 0) and
one fast (x2 = finite) parton the two-parton distribution
functions possess practically the factorization property.
The additional contribution induced by evolution being
suppressed by the initial gluon and quark multiplicities in
comparison with the “genuine” factorization component
(the solution of homogeneous equation).
IV. CONCLUSIONS
The asymptotic behavior of the two-parton distribu-
tion functions has been investigated near the kinematical
boundaries. At x close to 1 these functions include the
factors (1−x1−x2), (1−x1), (1−x2) with the exponents
depending on parton types. These exponents are known
at the parton level and can be calculated in principle at
the hadron level fixing the asymptotic form of initial con-
ditions near this kinematical boundary. The importance
of the factors under consideration was found in Ref. [25]
at the numerical integration of evolution equations in x
representation taking into account the momentum and
number sum rules.
The two-parton distribution functions become prac-
tically uncorrelated in the kinematical range of rela-
tively small longitudinal momentum fractions which is
extremely important under condition of real experiments.
The additional “factorization” contribution induced by
evolution being suppressed by the initial gluon and quark
multiplicities in comparison with the “genuine” factoriza-
tion component (the solution of homogeneous equation)
in the case of one slow (x1 ∼ 0) and one fast (x2 = finite)
parton. This revealed property explains why the indica-
tions from the experimental observation of double parton
scattering at CDF [5] are not in favor of correlation ef-
fects in longitudinal momentum fractions. It is extremely
difficult to select events experimentally with double par-
ton scattering in which both partons are enough fast and
therefore are strongly correlated in longitudinal momen-
tum fractions. In this connection it is interesting to study
the double parton distribution functions beyond the lead-
ing logarithm approximation over Q2 (for instance in the
BFKL regime [53–56] Q2 = const and ln (1/x) → ∞
with the possible nontrivial nonfactorization behavior of
the two-parton distribution functions just at small x).
Acknowledgments
Discussions with D.V. Bandurin, E.E. Boos,
A.V. Leonidov, S.V. Molodtsov, G.M. Zinovjev and
N.P. Zotov are gratefully acknowledged. This work
is partly supported by Russian Foundation for Basic
Research Grants No. 08-02-91001, No. 08-02-92496 and
No. 10-02-93118, the President of Russian Federation
for support of Leading Scientific Schools Grant No.
1456.2008.2.
[1] Workshop on Multi-Parton Interactions at the LHC,
September 13-15, 2010, DESY, Hamburg.
[2] T. Akesson et al. (AFS Collaboration), Z. Phys. C 34,
163 (1987).
[3] J. Alitti et al. (UA2 Collaboration), Phys. Lett., B 268,
145 (1991).
[4] F. Abe et al. (CDF Collaboration), Phys. Rev. D 47,
4857 (1993).
[5] F. Abe et al. (CDF Collaboration), Phys. Rev. D 56,
3811 (1997).
[6] V.M. Abazov et al. (D0 Collaboration), Phys. Rev. D 81,
052012 (2010).
[7] P.V. Landshoff and J.C. Polkinghorne, Phys. Rev. D 18,
3344 (1978).
[8] F. Takagi, Phys. Rev. Lett. 43, 1296 (1979).
[9] C. Goebel, F. Halzen, and D.M. Scott, Phys. Rev. D 22,
2789 (1980).
[10] N. Paver and D. Treleani, Nuovo Cimento A 70, 215
(1982).
[11] B. Humpert, Phys. Lett. 131B, 461 (1983).
[12] B. Humpert and R. Odorico, Phys. Lett. 154B, 211
(1985).
[13] M. Mekhfi, Phys. Rev. D 32, 2371 (1985); Phys. Rev. D
32, 2380 (1985).
[14] L. Ametller, N. Paver, and D. Treleani, Phys. Lett.
169B, 289 (1986).
[15] F. Halzen, P. Hoyer, andW.J. Stirling, Phys. Lett. 188B,
375 (1987).
[16] T. Sjostrand and M. van Zijl, Phys. Rev. D 36, 2019
(1987).
[17] M.L. Mangano, Z. Phys. C 42, 331 (1989).
[18] R.M. Godbole, S. Gupta, and J. Lindfors, Z. Phys. C 47,
69 (1990).
[19] M. Drees and T. Han, Phys. Rev. Lett. 77, 4142 (1996).
[20] G. Calucci and D. Treleani, Nucl. Phys. B (Proc. Suppl.)
71, 392 (1999).
[21] G. Calucci and D. Treleani, Phys. Rev. D 60, 054023
(1999).
[22] T. Sjostrand and P.Z. Skands, JHEP 0403, 053 (2004).
[23] T. Sjostrand and P.Z. Skands, Eur. Phys. J. C 39, 129
(2005).
[24] T. C. Rogers and M. Strikman, Phys. Rev. D 81, 016013
(2010).
[25] J.R. Gaunt and W.J. Stirling, JHEP 1003, 005 (2010).
[26] G. Calucci and D. Treleani, arXiv:1009.5881 [hep-ph].
[27] B. Blok, Yu. Dokshitzer, L. Frankfurt, and M. Strikman,
arXiv:1009.2714 [hep-ph].
[28] M. Strikman and W. Vogelsang, arXiv:1009.6123 [hep-
ph].
[29] A. Del Fabbro and D. Treleani, Phys. Rev. D 61, 077502
(2000).
[30] A. Del Fabbro and D. Treleani, Phys. Rev. D 66, 074012
7(2002).
[31] M.Y. Hussein, Nucl. Phys. B (Proc. Suppl.) 174, 55
(2007).
[32] M.Y. Hussein, arXiv:0710.0203 [hep-ph].
[33] A. Kulesza and W.J. Stirling, Phys. Lett. B 475, 168
(2000).
[34] E. Cattaruzza, A. Del Fabbro, and D. Treleani, Phys.
Rev. D 72, 034022 (2005).
[35] E. Maina, JHEP 0904, 098 (2009); JHEP 0909, 081
(2009).
[36] E.L. Berger, C.B. Jakson, and G. Shaughnessy, Phys.
Rev. D 81, 014014 (2010).
[37] M. Bahr, S. Gieseke, and M.H. Seymour, JHEP 0807,
076 (2008).
[38] R. Kirschner, Phys. Lett. 84B, 266 (1979).
[39] V.P. Shelest, A.M. Snigirev, and G.M. Zinovev, Phys.
Lett. 113B, 325 (1982); Theor. Math. Phys. 51, 523
(1982).
[40] A.M. Snigirev, Phys. Rev. D 68, 114012 (2003).
[41] V.L. Korotkikh and A.M. Snigirev, Phys. Lett. B 594,
171 (2004).
[42] A.M. Snigirev, arXiv:0809.4377 [hep-ph].
[43] A.M. Snigirev, Phys. Rev. D 81, 065014 (2010).
[44] J.R. Gaunt, C.-H. Kom, A. Kulesza, and W.J. Stirling,
Eur. Phys. J. C 40 (2010).
[45] V.N. Gribov and L.N. Lipatov, Sov. J. Nucl. Phys. 15,
438 (1972); 15, 675 (1972).
[46] L.N. Lipatov, Sov. J. Nucl. Phys. 20, 94 (1974).
[47] Yu.L. Dokshitzer, Sov. Phys. JETP 46, 641 (1977).
[48] G. Altarelli and G. Parisi, Nucl. Phys. B126, 298 (1977).
[49] K. Konishi, A. Ukawa, and G. Veneziano, Phys. Lett.
78B, 243 (1978); Nucl. Phys. B157, 45 (1979).
[50] J.C. Collins, D.E. Soper and G. Sterman, in Perturbative
QCD, edited by A. Mueller (World Scientific, Singapore,
1989).
[51] I. Vendramin, Nuovo Cimento 62 A, 21 (1981).
[52] V.P. Shelest, A.M. Snigirev, and G.M. Zinovjev, JINR
Communication, No. E2-82-194, Dubna, 1982; Report
No. ITP-83-46E, Kiev, 1983 (unpublished).
[53] E.A. Kuraev, L.N. Lipatov, and V.S. Fadin, Sov. Phys.
JETP 44, 443 (1976).
[54] E.A. Kuraev, L.N. Lipatov, and V.S. Fadin, Sov. Phys.
JETP 45, 1999 (1977).
[55] I.I. Balitsky and L.N. Lipatov, Sov. J. Nucl. Phys. 28,
822 (1978).
[56] L.V. Gribov, E.M. Levin, and M.G. Ryskin, Phys. Rep.
100, 1 (1983).
